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JACOB’S LADDERS AND |ζ|−2-REPRESENTATION OF SOME
FUNCTIONALS GENERATED BY A NEW CLASS OF
TRANSCENDENTAL INTEGRALS
JAN MOSER
Abstract. In this paper we introduce a new infinite set of transcendental
integrals. Each of them is expressed by corresponding value of the function
|ζ
(
1
2
+ it
)
|−2. Such a property is another argument about universality of the
Riemann zeta-function ζ
(
1
2
+ it
)
in the field of pure mathematics.
1. Introduction
1.1. In our paper [7] we have postulated the radius of the Universe R(t) as
(1.1) R(t) = h
Å∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
ã
, t→∞,
(see [7], (3.5), (4.1)). By making use this together with the Riemann hypothesis we
have constructed:
(a) a new infinite set of mathematical universes (of the Einstein’s type),
(b) an infinite subset of microscopic universes (on the Planck’s scale) of the
Einstein’s type in the early period (just after inflation) of the evolution of
the Universe.
Remark 1. Above mentioned results can be understood as an argument for the
universality (comp. [2], p. 135) of the modulus of Riemann zeta-function on the
critical line.
1.2. In this paper we will study the property of universality of the function∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
in another direction. Namely, we will study a new class of transcendental integrals
of the following type ∫ b
a
|H [ϕ1(t); τ ]|
α|H ′ϕ1 [ϕ1(t); τ ]|dt,
a < τ < b, α > 0,
where
(1.2) ϕ1(t) ∼ t− (1− c)pi(t), pi(t) ∼
t
ln t
, t→∞,
and pi(t) is the prime-counting function and c is the Euler constant. We will prove
that there are numbers
a¯, τ¯ , b¯, α¯, tH ,
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and a function
h1(u)
such that ∫ b¯
a¯
|H [ϕ1(t); τ ]|
α¯|H ′ϕ1(t); τ |dt =
= h1
Å∣∣∣∣ζ
Å
1
2
+ itH
ã∣∣∣∣
ã
, tH = t(H ; α¯), a¯→∞
(1.3)
(comp. with (1.1)), for every fixed Jacob’s ladder ϕ1(t).
1.3. The function ϕ1(t) (see (1.1) – (1.3)) that we call Jacob’s ladder (see [5])
according to the Jacob’s dream in Chumash, Bereishis, 28:12 has the following
properties:
(a)
ϕ1(t) =
1
2
ϕ(t),
(b) the function ϕ(t) is the solution of nonlinear integral equation (see [5], [6])
∫ µ[x(T )]
0
Z2(t)e−
2
x(T )
tdt =
∫ T
0
Z2(t)dt,
where
Z(t) = eiϑ(t)ζ
Å
1
2
+ it
ã
,
ϑ(t) = −
t
2
lnpi + Im lnΓ
Å
1
4
+ i
t
2
ã
,
(1.4)
and each advisable function µ(y) generates a solution
y = ϕµ(T ) = ϕ(T ); µ(y) ≥ 7y ln y.
Remark 2. The main reason for the introduction of the Jacob’s ladders in the paper
[5] lies in the proof of the following theorem:
the Hardy-Littlewood integral (1918)
∫ T
0
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
dt
has – in addition to the Hardy-Littlewood (and other similar) expression possessing
an unbounded error term as T → ∞ – the following infinite set of almost exact
expressions
∫ T
0
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
dt = ϕ1(T ) lnϕ1(T ) + (c− ln 2pi)ϕ1(T ) + c0+
+O
Å
lnT
T
ã
, T →∞,
(1.5)
where c0 is the constant from the Titchmarsh-Kober-Atkinson formula (see [8], p.
141).
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Remark 3. Simultaneously with (1.5) we have proved that the following transcen-
dental equation∫ T
0
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
dt = V (T ) lnV (T ) + (c− ln 2pi)V (T ) + c0
has an infinite set of asymptotic solutions
V (T ) = ϕ1(T ), T →∞.
2. The result
The following theorem holds true in the direction (1.3).
Theorem. Let
(a)
G(t) ∈ C1[T0,∞), T0 > 0,
(b) the symbols
{γ}, {t0}; t0 6= γ; γ = γ[G], t0 = t0[G]
denote the sequence of the roots of equations
G(t) = 0, G′(t) = 0
respectively,
(c) the points of the sequences {γ}, {t0} are separated each from other, i. e.
γ′ < t0 < γ
′′; γ′′ − γ′ ∈
Å
0,
γ′
ln γ′
ò
,
where γ′, γ′′ are neighbouring points of the sequence {γ}, (i. e. G(t0) is
the local extreme of the function G(t), t ∈ [γ′, γ′′]),
(d)
ϕ1 {[˚γ
′, γ˚′′]} = [γ′, γ′′],
(e)
H [ϕ1(t); t0] =
G[ϕ1(t)]
G[ϕ1(˚t0)]
=
G[ϕ1(t)]
G(t0)
; t0 = ϕ1(˚t0).
Then there is the function
(2.1) ω(x) = ω(x;H) = 1 +O
Å
ln lnx
lnx
ã
, x→∞
and the point
tH = t(H ;ω) ∈ (˚γ
′, γ˚′′)
such that ∫ γ˚′′
γ˚′
|H [ϕ1(t); t0]|
2ω(γ′) lnγ′−1|H ′ϕ1 [ϕ1(t); t0]|dt =
=
1∣∣ζ ( 12 + itH
)∣∣2 , γ′ →∞,
(2.2)
where, of course,
2ω(γ′) ln γ′ − 1→∞, γ′ →∞.
Remark 4. The formula (2.2):
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(a) introduces a new infinite set of transcendental integrals each of them is
expressed by the corresponding value of the function∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
−2
,
i. e. h1(u) = u
−2, comp. (1.3),
(b) supports the argument about the universality of the Riemann zeta-function
|ζ
(
1
2 + it
)
| in the field of pure mathematics (comp. Remark 1),
(c) is not reachable by recent methods in the theory of the Riemann zeta-
function.
3. Examples concerning Jacobi elliptical functions
3.1. Let us consider the continuum set of functions
snx = sn(x; k), x > 0, k2 ∈ (0, 1),
where (comp. [9], pp. 35-40)
K = K(k) =
∫ 1
0
dt√
(1− t2)(1− k2t2)
.
Then we have
γ = γ[sn]; γl = 2lK, l ∈ N0, γ
′′ − γ′ = 2K = O(1); γl →∞,
t0 = t0[sn]; t0(l) = (2l + 1)K,
sn′ x = cnxdnx; dnx > 0,
| sn t0| = | sn(2l + 1)K| = 1 ⇒ |G(t0)| = 1 ⇒
⇒ |H [ϕ1(t); t0]| = |G[ϕ1(t)]| = | sn[ϕ1(t)]|.
Consequently we obtain (see (2.2)) the following
Example 1. There is
ts ∈ (˚γ
′[sn], γ˚′′[sn])
such that ∫ γ˚′′
γ˚′
| sn[ϕ1(t)]|
2ω(γ′) ln γ′−1| cn[ϕ1(t)]| dn[ϕ1(t)]dt =
=
1∣∣ζ ( 12 + its
)∣∣2 , γ′ →∞.
3.2. Next, for continuum set of functions
cnx = cn(x; k), x > 0
we have by the similar way that
γ = γ[cn]; γl = (2l + 1)K, l ∈ N0,
t0 = t0[cn]; t0(l) = (2l + 2)K,
cn′ x = − snxdn x,
| cn t0| = | cn(2l + 2)K| = 1 ⇒ |G(t0)| = 1 ⇒
⇒ |H [ϕ1(t); t0]| = |G[ϕ1(t)]| = | cn[ϕ1(t)]|.
Consequently, we have the following
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Example 2. There is
tc ∈ (˚γ
′[cn], γ˚′′[cn])
such that
∫ γ˚′′
γ˚′
| cn[ϕ1(t)]|
2ω(γ′) ln γ′−1| sn[ϕ1(t)]| dn[ϕ1(t)]dt =
=
1∣∣ζ ( 12 + itc
)∣∣2 , γ′ →∞.
4. Example concerning the Bessel’s functions
Let
γ = γ
ï
Jν(x)
xν
ò
, t0 = t0
ï
Jν(x)
xν
ò
.
For our purpose it is sufficient to consider the case
ν > −1, x→∞.
We have from the theory of the Bessel’s functions that
γ′ < t < γ′′, γ′′ − γ′ ∼ pi, γ′ →∞,
(comp. [11], p. 361; [10], p. 91) where, of course,
Jν+1(x)
xν
= −
d
dx
ï
Jν(x)
xν
ò
.
Next we have
G[ϕ1(t)] =
Jν [ϕ1(t)]
[ϕ1(t)]ν
, G(t0) =
Jν(t0)
tν0
; ϕ1(˚t0) = t0,
H [ϕ1(t); t0] =
Jν [ϕ1(t)]
[ϕ1(t)]ν
tν0
Jν(t0)
.
Consequently, we obtain (see (2.2)) the following
Example 3. There is
tJ ∈
Å
γ˚′
ï
Jν(x)
xν
ò
, γ˚′′
ï
Jν(x)
xν
òã
such that
∫ γ˚′′
γ˚′
∣∣∣∣Jν [ϕ1(t)][ϕ1(t)]ν
tν0
Jν(t0)
∣∣∣∣
2ω(γ′) ln γ′−1 ∣∣∣∣Jν+1[ϕ1(t)][ϕ1(t)]ν
tν0
Jν(t0)
∣∣∣∣ dt =
=
1∣∣ζ ( 12 + itJ
)∣∣2 , γ′ →∞.
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5. Example concerning the Riemann zeta-function
In the case of the function Z(t) (see (1.4)) we have, on the Riemann hypothesis,
that
γ′ < t0 < γ
′′, γ′ →∞,
where
γ = γ[Z], t0 = t0[Z],
i. e. the points of the sequences {γ}, {t0} are separated each from other (see [4],
Corollary 3). Next, on the Riemann hypothesis also the Littlewood’s estimate
γ′′ − γ′ <
A
ln ln γ′
, γ′ →∞
holds true (see [3]). Since
H [ϕ1(t); t0] =
Z[ϕ1(t)]
Z(t0)
,
then we obtain the following
Example 4. On the Riemann hypothesis there is
tZ ∈ (˚γ
′[Z], γ˚′′[Z])
such that ∫ γ˚′′
γ˚′
∣∣∣∣Z[ϕ1(t)]Z(t0)
∣∣∣∣
2ω(γ′) ln γ′−1 ∣∣∣∣Z
′
ϕ1
[ϕ1(t)]
Z(t0)
∣∣∣∣dt =
=
1∣∣ζ ( 12 + itZ
)∣∣2 , γ′ →∞.
(5.1)
Remark 5. Consequently, we obtain by (5.1) by the first formula in (1.4) the fol-
lowing sufficiently complicated integral
∫ γ˚′′
γ˚′
∣∣∣∣∣
ζ
[
1
2 + iϕ1(t)
]
ζ
(
1
2 + it0
)
∣∣∣∣∣
2ω(γ′) ln γ′−1
×
×
∣∣∣∣∣ϑ′ϕ1 [ϕ1(t)]
ζ
[
1
2 + iϕ1(t)
]
ζ
(
1
2 + it0
) + ζ
′
ϕ1
[
1
2 + iϕ1(t)
]
ζ
(
1
2 + it0
)
∣∣∣∣∣ dt =
=
1∣∣ζ ( 12 + itZ
)∣∣2 , γ′ →∞.
6. Topological deformations of some element and
|ζ|−2-representation of a corresponding functionals connected
with (2.2)
Let some element
G¯(t) = C1[γ
′, γ′′]
fulfil the assumptions (b) and (c) of Theorem. Let
{GT (t)}
denote the continuum set of all topological deformations GT (t) of the graph of the
function G¯(t) such that every
GT (t), t ∈ [γ
′, γ′′]
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fulfils (b) and (c) of Theorem, and
GT (t) ∈ C1[γ
′, γ′′].
Let, finally,
HT [ϕ1(t); t0] ∈ D{[˚γ
′, γ˚′′]} ⇔
⇔ HT [ϕ1(t); t0] =
GT [ϕ1(t)]
GT [ϕ1 (˚t0)]
, t ∈ [˚γ′, γ˚′′],
(6.1)
where
ϕ1{[˚γ
′, γ˚′′]} = [γ′, γ′′].
Then we have that by the integral
F [HT ] =
∫ γ˚′′
γ˚′
|HT [ϕ1(t); t0]|
2ω(γ′) ln γ′−1×
× |(HT )
′
ϕ1
[ϕ1(t); t0]|dt, HT ∈ D
(6.2)
is defined the functional on D.
Corollary. The formula (see (2.2), (6.2))
F [HT ] =
1∣∣ζ ( 12 + itH
)∣∣2 , HT ∈ D,
tHT ∈ (˚γ
′, γ˚′′), γ′ →∞
expresses the representation of the functional F [HT ] by the corresponding set of
values of the function |ζ
(
1
2 + it
)
|−2.
7. Proof of Theorem
Let us remind that we have proved the following theorem (see [6], (9.7)): for
every Lebesgue integrable function
f(x), x ∈ [T, T + U ], f(x) ≥ 0 (≤ 0), x ∈ [T, T + U ];
ϕ1{[T˚ ,
˚
T˙ + U ]} = [T, T + U ]
we have
∫ ˚T¯+U
T˚
f [ϕ1(t)]
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
dt =
= ω(T ) lnT
∫ T+U
T
f(x)dx, U ∈
Å
0,
T
lnT
ò
,
(7.1)
where
ω(T ) = ω(T ; f) = 1 +O
Å
ln lnT
lnT
ã
, T →∞.
Next, from (a) – (c) of Theorem we obtain that
∫ γ′′
γ′
|G(t)|α|G′(t)|dt =
2
α+ 1
|G(t0)|
α+1, α > 0,
G(t) ≥ 0 (≤ 0), t ∈ [γ′, γ′′].
(7.2)
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Now, in the case
f(t) = |G(t)|α|G′(t)|, t ∈ [γ′, γ′′]
we have (see (7.1), (7.2) and (b) of Theorem)∫ γ˚′′
γ˚′
|G[ϕ1(t)]|
α|G′ϕ1 [ϕ1(t)]|
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
dt =
=
2ω(γ′) ln γ′
α+ 1
|G(t0)|
α+1.
(7.3)
Hence, putting
α = 2ω(γ′) ln γ′ − 1,
we obtain by (7.3) and (e) of Theorem that∫ γ˚′′
γ˚′
|H [ϕ1(t); t0]|
2ω(γ′) ln γ′−1|H ′ϕ1 [ϕ1(t); t0]|
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
dt = 1.(7.4)
Finally, if we use the mean-value theorem in (7.4), we obtain∣∣∣∣ζ
Å
1
2
+ itH
ã∣∣∣∣
2 ∫ γ˚′′
γ˚′
|H [ϕ1(t); t0]|
2ω(γ′) lnγ′−1|H ′ϕ1 [ϕ1(t); t0]|dt = 1,
i. e. the formula (2.2) is verified.
8. Concluding remarks: the Dirac property of the topological
deformation HT at the point t˚0
Since
ϕ1(˚t0) = t0 ⇒ HT [ϕ1(˚t0); t0] = 1
(see (6.1)), then we have (see (7.4))∫ γ˚′′
γ˚′
|H [ϕ1(t); t0]|
2ω(γ′) ln γ′−1|H ′ϕ1 [ϕ1(t); t0]|
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
dt =
= |HT [ϕ1(˚t0); t0]|
2ω(γ′) lnγ′−1.
(8.1)
Hence, by using the Dirac δ-function (see [1], pp. 58-61) we obtain∫ γ˚′′
γ˚′
|H [ϕ1(t); t0]|
2ω(γ′) ln γ′−1δ(t− t˚0)dt =
= |HT [ϕ1 (˚t0); t0]|
2ω(γ′) ln γ′−1.
(8.2)
The set
(−∞, γ˚′) ∪ (˚γ′′,∞)
is irrelevant, comp. [1], p. 59.
Remark 6. By (8.1), (8.2) we see that the continuous function (proper function in
terminology of Dirac)
|H ′ϕ1 [ϕ1(t); t0]|
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣
2
acts at the point t˚0 as the Dirac δ-function (improper function in terminology of
Dirac, see [1], p. 58).
Remark 7. It is sufficient to quote Dirac as the discoverer of the generalized func-
tions.
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